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Content for this lecture

1. SAT problem

2. Model Checking with SAT?
3. Bounded LTL Semantics

4. Bounded Semantics to SAT
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SAT Problem

s vector of n boolean variables s[1], s[2],-- - , s[n]
Assignmentv : {1,2,--.- ,n} — {0,1}

Set of all assignments: [B"

> ——

A f(s) a boolean function
» {0,1}

—x € {0,1}

SAT Problem: 3v € B such that f(v) =1 ?

2018 © P. Hofner COMP3153



Complexity of SAT Problem

SAT is NP-complete
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Complexity of SAT Problem
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3SAT
e 3 variables

e Formulas in Conjunctive Normal Form
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Complexity of SAT Problem
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e 3 variables

e Formulas in Conjunctive Normal Form
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SAT Solvers in Practise
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SAT Solvers in Practise

SAT revolution Annual SAT competition
100 variables 1M variables
200 “clauses” 5M “clauses’
GRASP, SATO Chaff, miniSAT 50+ SAT-solvers
academic industrial + SMT-solvers

Conflict-Driven Clause Learning
CDCL SAT-solvers

DPLL SAT-solvers

1999 2002
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Model Checking with SAT?

Motivating Example
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Right Shift
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3-bit Shift Register

x[2] x[1] x[0]
0 1 1 0

Right Shift

Store register state in vector x

Next state x’

Transition relation
x'[0] = x[11 A X'[1] = x[2] A x'[2] = O
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3-bit Shift Register

x[2] x[1] x[O]
0 1 1 0

Right Shift

Store register state in vector x

Next state x’

Transition relation 1
x'[0] = x[1]1 A x'[1] = x[2] A x'[2] = )

Error in

design
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3-bit Shift Register

x[2] x[1] x[O]
0 1 1 0

Right Shift

Store reqister state in vector x
J Property: F(x = 0)

Next state x’

Transition relation 1
x'[0] = x[1]1 A x'[1] = x[2] A x'[2] = )

Error in

design
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Strategy

e try to find error/bug

e prove that —F(x = 0) holds
G(x # 0) for some path

e look for path with < k different states

2018 © P. Hofner COMP3153

10



Paths with less than 3 States

One transition to encode:

T(x,x") € x'[0] = x[1] A x’[1] = x[2] A x[2] = 1
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3 vectors: Xp, X1, Xo



Paths with less than 3 States

One transition to encode:
T(x, x’) z x'[0] = x[1] A x'[1] = x[2] A X'[2] = 1

3 vectors: Xp, X1, Xo

Paths of length < 2 T(Xxo0, X1) N\ T(X1, X2)
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Paths with less than 3 States

One transition to encode:
T(x, x’) z x'[0] = x[1] A x'[1] = x[2] A X'[2] = 1

3 vectors: Xp, X1, Xo

Paths of length < 2 T(Xxo0, X1) N\ T(X1, X2)

Xo[0]

Xo[1]
Xo[2]
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Infinite Paths
T(x, x') € x'[0] = x[1] A X'[1] = x[2] A x'[2] = 1
Goal: find a witness path for G(x % 0)

0
WO rexy O r ey

X[] = x[1] = x[1]
Xo[2] x1[2] Xo[2]



Infinite Paths
T(x, x') € x'[0] = x[1] A X'[1] = x[2] A x'[2] = 1
Goal: find a witness path for G(x % 0)

Witness path should be infinite

0
WO rexy O r ey

X[1] =P x[1] =P x,[1]
Xo[2] x1[2] X>[2]



Infinite Paths
T(x, x') € x'[0] = x[1] A X'[1] = x[2] A x'[2] = 1
Goal: find a witness path for G(x % 0)

Witness path should be infinite

LOOP(X2, X2)

Xo[0] x1[0] X5[0]
T (X0, X1) T(x1, X2)

X[1] =P x[1] = x,[1]

Xo[2] x1[2] X>[2]
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Infinite Paths
T(x, x') € x'[0] = x[1] A X'[1] = x[2] A x'[2] = 1
Goal: find a witness path for G(x = 0)

Witness path should be infinite

LOOP(X2, X2)

Xo[0] x1[0] x>[0]
T(Xxo, X1) T(Xx1, X2)

X[1] =P x[1] = x,[1]

Xo[2] 2] i x[2]

LOOP(x>, X1)
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Infinite Paths
T(x, x') € x'[0] = x[1] A X'[1] = x[2] A x'[2] = 1
Goal: find a witness path for G(x = 0)

Witness path should be infinite
LOOP(XQ, Xo)

f_\ LOOP(XZ,XZ)
WO rexy O r ey
X[1] =P x[1] =P x,[1]
xo[2] x1[2] ~ X[2]

LOOP(x>, X1)
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Infinite Paths
T(x, x') € x'[0] = x[1] A X'[1] = x[2] A x'[2] = 1
Goal: find a witness path for G(x = 0)

Witness path should be infinite
LOOP(XQ, Xo)

f_\ LOOP(X2,X2)
WO rexy O r ey
X[1] =P x[1] =P x,[1]
xo[2] x1[2] ~ X[2]

LOOP(x>, X1)
LOOP(x2, x;) = xi[0] = x2[1] A x;[1] = x2[2] A Xi[2] = 1
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Encoding of 3-State Infinite Paths

T(x, x') € x'[0] = X[1] A x'[1] = X[2] A X'[2] = 1



Encoding of 3-State Infinite Paths
T(x, x') € x'[0] = x[1] A x[1] = x[2] A X[2] = 1

First two transition: T(xg, X1) A\ T(Xq, X2)
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Encoding of 3-State Infinite Paths
T(x, x') € x'[0] = x[1] A x'[1] = x[2] A X'[2] = 1
First two transition: T(xp, x1) N\ T(x1, X2)

Loop transitions:
LOOP(x2, x;) = x;[0] = x2[1] A xi[1] = x2[2] A xi[2] = 1
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Encoding of 3-State Infinite Paths
T(x, x') € x'[0] = x[1] A x'[1] = x[2] A X'[2] = 1
First two transition: T(xp, x1) N\ T(x1, X2)

Loop transitions:
LOOP(x2, x;) = x;[0] = x2[1] A xi[1] = x2[2] A xi[2] = 1

Initial States: I(xg) = True
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Encoding of 3-State Infinite Paths
T(x, x') € x'[0] = x[1] A x'[1] = x[2] A X'[2] = 1
First two transition: T(xp, x1) N\ T(x1, X2)

Loop transitions:
LOOP(x2, x;) = x;[0] = x2[1] A xi[1] = x2[2] A xi[2] = 1
Initial States: I(xg) = True

Paths with less than 3 states:

I(X0) A T(Xo, X1) A T(X1,%2) A (\V2, LOOP(x2, X;))
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Encoding of 3-State Infinite Paths
T(x, x') € x'[0] = x[1] A x'[1] = x[2] A X'[2] = 1
First two transition: T(xp, x1) N\ T(x1, X2)

Loop transitions:
LOOP(x2, x;) = x;[0] = x2[1] A xi[1] = x2[2] A xi[2] = 1
Initial States: I(xg) = True

Paths with less than 3 states:
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Exercise 1

o E I(x0) A T(Xo, X1) A T(X1, X2) A (\VV2, LOOP(X,, X;))

e Is the following path o allowed by ¢?
0= Xo X1 X2 X1 X2 Xo X1 X« -+

e What are the infinite paths specified by ¢?



2018 © P. Hofner

Encoding of G(x = 0)

x70 <— x[0]=1VvXx[1]=1V Xx[2] =1
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Encoding of G(x = 0)

x70 <— x[0]=1VvXx[1]=1V Xx[2] =1

J/

P(X)

def

G(x #0) = A2, (X))

COMP3153
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Encoding of G(x = 0)

x70 <— x[0]=1VvXx[1]=1V Xx[2] =1

J/

P(X)
G(x #0) E AZy(x))
Paths satisfying G(x % 0)

I(Xo) A T(Xo, X1) A T(X1, X2) A (V2.9 LOOP(X2, X)) A N\i-g ¥(Xi)

2018 © P. Hofner COMP3153
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Reduction to SAT

There exists an infinite path with less than 3
states that satisfy G(x = 0)
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Reduction to SAT

There exists an infinite path with less than 3
states that satisfy G(x = 0)
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Reduction to SAT

There exists an infinite path with less than 3
states that satisfy G(x = 0)

<—

Xp, X1, Xo such that

I(xo0) A T(Xo, X1) A T(X1, X2) A (/g LOOP(Xa, X)) A Nog 2b(Xi)

IS SATisfiable

2018 © P. Hofner COMP3153
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—

i!j A T(Xo, X1) N T(X1, X2) A

2018 © P. Hofner

Reduction to SAT

There exists an infinite path with less than 3
states that satisfy G(x = 0)

<—

=X, X1, Xo such that

————] = _—
— == — = = ————

_— - _ ___
=== sSS—— e —

IS SATisfiable

COMP3153
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Reduction to SAT

There exists an infinite path with less than 3

states that satisfy G(x % 0) I\

@ P\\)(\SP\

X0, x1,x2 such that

——— — e ——
=== = = == = ———— —

2 (X0 A T(Xo, X1) A T(X1, X2) A (Vg LOOP(x2, X)) A NELg f\: ~

— s . _ __
== — = = —

IS SATisfiable

2018 © P. Hofner COMP3153
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Bounded LTL Semantics



Existential Model Checking Problem

LTL model checking problem
Given A, labeled automaton, ® LTL formula

AE ® < Vp e Runs(A),p g ®
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LTL model checking problem
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LTL Universal Validity

AEA®
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Existential Model Checking Problem

LTL model checking problem
Given A, labeled automaton, ® LTL formula

AE ® < Vp e Runs(A),p g ®

LTL Universal Validity LTL Existential Validity
Ak Ad Ak E®
< <

Vp € Runs(A),p £ ® Jdp € Runs(A),p £ ®

2018 © P. Hofner COMP3153
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Existential Model Checking Problem

LTL model checking problem
Given A, labeled automaton, ® LTL formula

AE ® < Vp e Runs(A),p g ®

LTL Universal Validity LTL Existential Validity
AEA® AEEdD
< <
Vp € Runs(A),p £ ® Jdp € Runs(A),p £ ®

AEADP <— AKE-®

2018 © P. Hofner COMP3153 18



LTL Formulas — Semantics

Givenarunp=Sp---Sp---
Notation: p[i] = Sj---Sp---,i >0

P propositional formula, ¢1, @2 LTL formulas
e pEP < s P

e Next: p

e Until: p

= X1 <= pl1] E #1

= 1 UNTIL ¢ <— {

dk > 0, p[K] E 2
V0 < j < k,pljl E o1

e Eventually: p EFyp1 < Jk > 0, p[k] E 1
o Globally: p E Gy <= Vk > 0, p[k] E 1

2018 © P. Hofner
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Negation Normal Form

Negation Normal Form = — only allowed on atomic propositions

2018 © P. Hofner COMP3153 20



Negation Normal Form

Negation Normal Form = — only allowed on atomic propositions

Rewrite rules

—(p1 A p2) = (1) V (mp2) —Fe = Gy
—IXQO — X—IQO —IGQO = F—ncp
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Negation Normal Form

Negation Normal Form = — only allowed on atomic propositions

Rewrite rules

—(p1 A p2) = (1) V (mp2) —Fe = Gy
—IXQO — X—IQO —IG(,O = F—ncp

From now on: Every LTL formula in NNF
e — only atomic propositions

e V allowed (semantics easy to write)

2018 © P. Hofner COMP3153 20



Bounded Semantics

Subset of all paths in A
< k + 1 states

2018 © P. Hofner COMP3153
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Bounded Semantics

Subset of all paths in A
< k + 1 states

Sk

Finite paths
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Bounded Semantics

Subset of all paths in A
< k + 1 states

So So

S1 l S1 l

Sj S

Sk l Sk l
(k, I)-loop

Finite paths Lasso infinite paths
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< k + 1 states

Sk

Finite paths

2018 © P. Hofner

Bounded Semantics
Subset of all paths in A

So

l

S1:

Sj

Sk
(k, I)-loop
Lasso infinite paths
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< k + 1 states

Sk

Finite paths
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Bounded Semantics
Subset of all paths in A

So

l

S1:

Sj

Sk
(k, I)-loop
Lasso infinite paths
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Bounded Semantics

Subset of all paths in A

9

< k + 1 states Bounded Semantics of LTL 845’/
Sol So PEKY = pEY o’°§/
St ¢ S l k-loop path p
il pis a (k, I)-loop
Si si ¢
Sk l Sk l
(k, i)-loop
Finite paths Lasso infinite paths

2018 © P. Hofner
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Bounded Semantics

Subset of all paths in A

9

< k + 1 states Bounded Semantics of LTL 845’/

So So PEkp = pPE S /

o :
S ¢ s1 ¢ k-loop path p

; Al pis a (k, I)-loop

_ pis a k-loop

l l PEkp —pE®
Sk Sk

(k, I)-loop
Finite paths Lasso infinite paths

2018 © P. Hofner
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Bounded Semantics

Subset of all paths in A

9

< k + 1 states Bounded Semantics of LTL bé”/

So So PEkp = pPE S /

l l ’
S ¢ s1 ¢ k-loop path p

; Al pis a (k, I)-loop

_ pis a k-loop

l l PEkp —pE®
Sk Sk

(k; f)-loop What about finite paths?
Finite paths Lasso infinite paths

2018 © P. Hofner
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Bounded Length Paths — 1

0 <i<kk

2018 © P. Hofner

satisfaction relation on subpath s; - - - sk
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Bounded Length Paths — 1

0 < i< k{k
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Bounded Length Paths — 1

satisfaction relation on subpath s; - - - sk

p El P(s) < P(si)

e P(s) propositional formula: \
o {p =i ~P(s) <= —P(s)

 pEL p1 N2 <= pEj p1andp E} 2
e pkEl Xp < 0< i< kandpER ¢

2018 © P. Hofner COMP3153 22



Bounded Length Paths — 2

0<i<kFE

2018 © P. Hofner

satisfaction relation on subpath s; - - - sk
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Bounded Length Paths — 2

0 <i<kk
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Bounded Length Paths — 2

0 <i<k,E] satisfaction relation on subpath s; - - - s

p kL3I <j< kipEy 2

/ UNTIL —
* p Fi P P2 {Vi§n<i,p|=2901

s pEiFp = Ji<j<kpk

e pEl Gy <= False
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Bounded Length Paths — 2

0 <i<k,E] satisfaction relation on subpath s; - - - s

p kL3I <j< kipEy 2

/ UNTIL —
* p Fi P P2 {Vi§n<i,p|=2901

s pEiFp = Ji<j<kpk

e pEl Gy <= False
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Exercise 2

LTL semantics
pE-Fop < pEGy

LTL bounded semantics

Isittrue that p Ex “Fp <= p Ex G ?

2018 © P. Hofner COMP3153
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Bounded Semantics to SAT



Objective

A £ Ep <= For(A) N For(p)k is SAT



Objective

A Ex Ep < For(A) A For(p)k is SAT

Finite paths



Objective

A Ex Ep < For(A) A For(p)k is SAT

So l So
51 ¢ S1 l
Sij S ;
Sk Sk l
(k, i)-loop
Finite paths Lasso infinite paths

2018 © P. Hofner COMP3153
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Finite Paths — 1

k fixed = For(p)

2018 © P. Hofner COMP3153

27



Finite Paths — 1

k fixed = For(p)
p Ex ¢ <= For(p)is SAT

2018 © P. Hofner COMP3153
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Finite Paths — 1

k fixed = For(y)
p Exk ¢ <= For(p)is SAT  pli]l Ex ¢ <= For(p);is SAT



Finite Paths — 1

k fixed = For(y)
p Exk ¢ <= For(p)is SAT  pli]l Ex ¢ <= For(p);is SAT

e P(s) propositional formula: For(P(s)); = P(s;j)
o For(p1 N ¢2)i = For(yp1)i N\ For(pz)i
o For(Xyp);i = It0 < I < k then For(y)i,1 else False

e For(Gy); = False

2018 © P. Hofner COMP3153 27



Finite Paths — 2

k fixed = For(y)
p Exk ¢ <= For(yp)is SAT plil Ex ¢ <= For(p);is SAT

o For(F ©); = \/[_; For();
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Finite Paths — 2

k fixed = For(y)
p Exk ¢ <= For(yp)is SAT plil Ex ¢ <= For(p);is SAT

o For(F ¢); = \/[_; For();

P1 Until P2
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Finite Paths — 2

k fixed = For(y)
p Exk ¢ <= For(yp)is SAT plil Ex ¢ <= For(p);is SAT

o For(F ¢); = \/[_; For();

o For(p1 Until ¢3); = \/,l-;,- (For(p2)j A /\{1:,'1 For(¢1)n)
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Finite Paths — 2

k fixed = For(y)
p Exk ¢ <= For(yp)is SAT plil Ex ¢ <= For(p);is SAT

o For(F ¢); = \/[_; For();

o For(yps Until ©2); = \/[_; (For(2)j A N For(¢1)n)
For(y) = For(¢)o

2018 © P. Hofner COMP3153 28



Infinite Paths — 1
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Infinite Paths — 1

plil Ex ¢ < For(y)!is SAT
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Infinite Paths — 1

So S1 Si S Sj Sk
p=So---S_1(S1--- Sk)* plil Ex ¢ <= For(y);is SAT
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Infinite Paths — 1

So S1 Si S Sj Sk
p=So---Si_1(S/-- - Sk)* plil Ex ¢ <= For(y);is SAT

e P(s) propositional formula: For(P(s))! = P(s;)

o For(1 A w2)h = For(p1)! A For(p2)!

° FOI’(G‘P); = /\f:min(i,l) FOI‘(QO)II-
° For(F90)§ = \/,l-;min(i,l) For (90)11'
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So S S| Si S Sk
p=So---Si_1(S/-- - Sk)* plil Ex ¢ <= For(y);is SAT

e P(s) propositional formula: For(P(s))! = P(s;)

o For(1 A w2)h = For(p1)! A For(p2)!

° FOI’(G‘P); = /\f:min(i,l) FOI‘(QO)II-
° For(F90)§ = \/,l-;min(i,l) For (90)11'
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Infinite Paths — 2

p=So---Si_1(S/-- - Sk)* plil Ex ¢ <= For(y)]is SAT
o For(X )i = For(¢)., .

e For(ypq Until ,)! =
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Infinite Paths S — 2

p=So---S—1(S--- Sk)” olil Ex p <

o For(Xy)! = For(y)!

succ(F)

For(p)! is SAT

e For(ypq Until ,)! =
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Infinite Paths — 2

So S1 Si S/ Sj Sk
p=2So---S—1(S/+ - Sk)* plil Ex ¢ <= For(y);is SAT
o For(X )i = For(¢)., .

o For(eq Until py)! = \/;-;,- (For(p2); A N For(pq)!)
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Infinite Paths — 2

p=So---Si_1(S/-- - Sk)* plil Ex ¢ <= For(y)]is SAT
e For(Xy)! = For(p)!

succ(F)
o For(eq Until py)! = \/;-;,- (For(p2); A N For(pq)!)

VvV (For(e2) A Nnej For(ea)h A N/ For(p1)),)
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Infinite Paths — 2

p=So---Si_1(S/-- - Sk)* plil Ex ¢ <= For(y)]is SAT
e For(Xy)! = For(p)!

succ(F)
o For(eq Until py)! = \/;-;,- (For(p2); A N For(pq)!)

VvV (For(e2) A Nnej For(ea)h A N/ For(p1)),)

For(y) = FOI‘(cp)é
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Encoding of LTL Formula

Given A = ({0,1}", qo, 9)
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State = vector (s[0], s[1],--- , s[n — 1])
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Encoding of LTL Formula
Given A = ({0,1}", qo, 9)
State = vector (s[0], s[1],--- , s[n — 1])

Transition relation: T(s, s’) = Vs o) f5(S, ')

LOOP(k, I) = T(sk, si) LOOP = \/, LOOP(k, I)
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State = vector (s[0], s[1],--- , s[n — 1])

Transition relation: T(s, s’) = Vs o) f5(S, ')

LOOP(k, I) = T(sk, si) LOOP = \/, LOOP(k, I)

Encoding of formula ¢

finite paths

—~LOOP A For(go)o
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Encoding of LTL Formula
Given A = ({0,1}", qo, 9)
State = vector (s[0], s[1],--- , s[n — 1])

Transition relation: T(s, s’) = Vs o) f5(S, ')
LOOP(k, I) = T(sk, si) LOOP = \/, LOOP(k, I)
Encoding of formula ¢

finite paths infinite paths

~LOOP A For(y), \/ o LOOP(k, I) A For(p)}
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Encoding of LTL Formula
Given A = ({0,1}", qo, 9)
State = vector (s[0], s[1],--- , s[n — 1])

Transition relation: T(s, s’) = Vs o) f5(S, ')
LOOP(k, ) = T(sk, S/) LOOP = \/, LOOP(k, I)

Encoding of formula ¢

finite paths infinite paths

~LOOP A For(¢)o \[ Vo LOOP(K,I) A For(e)}

-—_——\W—mm
For(y)«
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Model Encoding

Given A= ({0,1}", qo, 9)
Initial states: formula /(s)

Transition relation: T(s, ") = \/ (5 ¢)cs f5(S; S)
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Model Encoding

Given A= ({0,1}", qo, 9)
Initial states: formula /(s)

Transition relation: T(s, ") = \/ (5 ¢)cs f5(S; S)

Encoding of paths < k + 1 states
For(A) = I(so) A \ico ' T(Si» Sian)
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Model Encoding

Given A = ({0,1}", qo, 9)

Initial states: formula /(s)

Transition relation: T(s, 8') = \/ 5 ¢/)cs f5(S; ')
Encoding of paths < k + 1 states

For(A) = I(so) A \isg ' T(Si, Sist)

3 bit shift register x[2] x[1] x[0]

1 1 0
I(x) = True

T(x, x') € x'[0] = x[1] A x'[1] = x[2] A X'[2] = 1
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Summary

A Ex Ep <= For(A) A For(yp)k is SAT

AE A-p <= Yk € N, For(A) A For(p)x is UNSAT
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Properties of LTL Bounded Semantics
Pi:pEky = pE By definition of gk

Ak Ep < 3p € Runs(A)s.t. p Ex ¢
Ak Ap < Vp € Runs(A)s.t. p Ex ¢

Py if Ak Ep = 3k €N, A kx Eg 22
P3ZA|=EQO<’:>E|k€N,A|=kE<p P1/\P2=:>P3



Completeness for Existential Model Checking

P if AR Ep = Ik € N, A g Ep
Tryk=0,1,2,3,---,
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Completeness for Existential Model Checking

P if AR Ep = Ik € N, A g Ep
Tryk=0,1,2,3,---,

If A Ex E¢p for k sufficiently large

can we conclude that A # ¢ ?
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Proof

P if AEEp = Ik € N,A Ek Egp
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Proof
P:if AEEp = 3k € N,A kx Ep

Buchi Automaton A
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Proof

P if AEEp = Ik € N,A Ek Egp

Blchi Automaton A B, Blchi automaton for ¢
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Proof
P> if A |= Ep = dk e N,A |=k Ep

—— e

<_Bichi Automaton A
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Proof

P if AEEp = Ik € N,A Ek Egp

A X B,

) #+# L(Ax B,) < AEEyp

v¢¥ € L(A X B,)
0 + C(Ax B.) «— JUVE °
7 L 2 lu| + |v| < |A X B,|

Ax B,|=|A|-2l¢



Proof

P if AEEp = dk € N, A kx Ep

A X B,

) # L(Ax B,) < AkEyp

0 + C(Ax B,) u.v® € L(AXx B,)
lul +|v| < |A X B,]

A x B,|=|A|- 2
Let k = |A| - 2/¢l then A Ex E¢



Towards Completeness

Focus on Fp, p atomic proposition

Computing a better bound
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Towards Completeness

Focus on Fp, p atomic proposition

Computing a better bound ﬁ -
/ /

N

AN

A=
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Towards Completeness

Focus on Fp, p atomic proposition

Computing a better bound ﬁ -
/ /

N

PN

A=
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Towards Completeness

Focus on Fp, p atomic proposition

Computing a better bound ﬁ/'
Diameter = 3 /
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Focus on Fp, p atomic proposition

Computing a better bound
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Towards Completeness

Focus on Fp, p atomic proposition

Computing a better bound
S E p reachable =- s reachable on a shortest path

AE EFp <— A kx EFpfor some k < Diameter(A)
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